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A. The Magnetogasdynamic Boundary Layer 
In high-speed flow past an aerodynamic "body, the air in the "boundary 
layer near the surface of the "body -will become heated. If the velocity 
is large enough, the temperature may rise sufficiently so that ioniza­
tion of the air takes place, and the air becomes an electrically conduct­
ing fluid. Although the electrical conductivity of the air may be fairly 
low as ionization first starts to take place, it can be increased greatly 
by seeding the air with a material which ionizes readily at low tempera­
tures. The purpose of this investigation is to study the effect of an 
applied magnetic field on the boundary layer flow of an electrically 
conducting gas. 
A number of theoretical investigations of the magnetogasdynamic 
boundary layer problem have been performed. Most of the investigations 
have been based on the assumption that the fluid is incompressible. 
Treatment of the flat plate or stagnation point boundary layer problem 
for an incompressible fluid and a magnetic field constant through the 
boundary layer is typified by references 1, 3, 7, 17, 27, 34, 35, 37, and 
40. 
Studies involving the effect of compressibility have used the common 
assumption that the product of the density and the coefficient of vis­
cosity is a constant and the independent variable transformations used 
are of the integral type (5, 9). The effect of compressibility on 
boundary layer flow with constant magnetic fields is examined in references 
5, 21, 25, 26, and 39. 
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The effect of allowing the magnetic field to vary within the 
"boundary layer (induced effects) for incompressible boundary layers 
is studied in references 2, 15, 14, 24 and 28. Neuringer and Mcllroy (28) 
and Rossow (54) concluded that induced effects are negligible but Axford 
(2) pointed out that their conclusions would not be valid for different 
values of the dimensionless magnetic parameters than those chosen by 
Neuringer and Mcllroy (28). 
It is the intent of this investigation to clarify the effect of Mach 
number on compressible laminar boundary layers with constant magnetic 
fields, to clarify the importance of induced effects, and to obtain 
solutions for compressible boundary layers with induced magnetic effects 
accounted for. 
B. Similar Solutions 
The similar solution technique has been used for a long time for 
the facilitation of solution to ordinary boundary layer problems (9, 20). 
For similar solutions to exist, a transformation of the variables is made 
involving the definition of a new independent variable which includes the 
original independent variables. This variable must be defined such that 
the original independent variables appear in the equations only implicitly 
in terms of the new variable. The equations of motion are then ordinary 
differential equations. The distinguishing characteristic of similar 
solutions for boundary layer velocity and temperature profiles and 
profiles of all other variables is that the profile shape of each variable 
is independent of the distance along the wall. Care must be exercised, 
however, as even though a certain similar solution exists from a mathema­
tical standpoint, it might not represent a physically possible flow. 
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flat plate problem with zero fluid pressure gradient. 
Several authors have used the similar solution technique of the 
integral type for the solution of magnetogasdynamic boundary layers 
(l, 21, 26, 39). The similar solution technique employed in this 
investigation is akin to those methods suggested by Reeves (31), Fillo (12), 
and Zhigulev (42, 43) and are not of the integral type mentioned previously. 
Zhigulev (43) shows an incompressible flow solution of this type for a 
situation in which the largest component of the magnetic field is in the 
streamwise direction. The compressible flow solutions obtained herein 
with the use of this particular technique have not appeared elsewhere, 
as far as is known. 
The results of this study show that in order for the boundary layer 
approximations to hold several situations can exist. If the streamwise 
component of the magnetic field is an order of magnitude greater than the 
component perpendicular to the wall, the magnetic Reynolds number can be 
large, but the magnetic pressure number based on the perpendicular com­
ponent must be very small in order for a thin boundary layer to exist. 
If instead the perpendicular component is the greater, then neither of 
the two parameters can be large but both must be limited by an order of 
magnitude of one. 
The results also show, as have most of the previous investigations 
for incompressible flow, that skin friction and heat transfer to the wall 
are reduced by the addition of a magnetic field. The total drag, which is 
magnetic drag plus viscous drag, may be increased, however. 
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ïiic magnetic interaction yaraiuebcr is the product of the magnetic 
Reynolds number and the magnetic pressure number. The value of the 
interaction parameter at which separation occurs has been calculated for 
several different Mach numbers for the situation in which the perpendi­
cular component of the magnetic field is the largest. One solution is 
obtained for the reverse situation in which the streamwise component 
of the magnetic field is the larger. 
0. List of Symbols 
a Exponent of x in similar solution 
a Speed of sound 
I Magnetic vector potential 
B Magnetic flux density 
Ci Coefficient (i = 1 to 3) 
°f Friction coefficient 
C 
P 
Specific heat at constant pressure 
D 
Dt 
Substantial derivative 
Ë Electric field intensity 
El Defined by Equation 112 
E2 Defined by Equation 112 
F Body force 
f Dimensionless stream function, \|r = p 
H Magnetic field intensity 
h Enthalpy 
Electric current density (lower case 
current density) 
j indicates conduction 
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K Constant 
JC Dimensionless density function 
L Characteristic length 
M Mach number 
m Dimensionless velocity function, f T/J? 
n Exponent of x in similar solution 
0( ) Order of magnitude of ( ) 
p Fluid pressure 
P Prandtl Number, C u. /k 
r P o o 
o 
q Exponent of x in similar solution 
q Velocity vector 
R Gas constant 
R Reynolds number, p u L/u. 
e o o ' 'o 
Rg Magnetic pressure number, |neH^ /p0u^  
R^  Magnetic Reynolds number, 
r Exponent of x in similar solution 
r Derivative of g with respect to Ç, g' 
S Magnetic interaction parameter, ctq L/pquo = R^ R^  
s Exponent of x in similar solution 
t Time 
t(Ç) Dimensionless temperature function 
T Temperature 
u x component of velocity 
v y component of velocity 
vH Alfven velocity, HM-e/p0 
6 
Eîi'ipc 
x Position coordinate along wall 
y Position coordinate perpendicular to wall 
z Exponent of x in similar solution 
a Derivative of t with respect to Ç, t1 
P Exponent of x in similar solution 
7 Ratio of specific heats 
6 Boundary layer thickness 
ô Change in t(0) 
Kronecker delta, = 1 if i = j, 0 if i / j 
A Increment 
A Dimensionless boundary layer thickness 
e Permittivity 
/u 
£ Dimensionless similarity independent variable, t|z = ~\l —— y V V)Qx 
6 Wedge angle 
X Derivative of m with respect to £, m' 
|i Absolute coefficient of viscosity 
[i Magnetic permeability 
y Kinematic viscosity coefficient, \±/p 
p Fluid density 
Pe Excess charge density 
a Electric conductivity 
T  ' Viscous stress tensor 
(j) Change in \(o) 
(j) Viscous dissipation function 
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Y ùoicdui lUiiC ûiuii 
V Vector operator 
Subscripts: 
c Critical value 
i,j,k,l Tensor subscripts 
m Magnetic 
0 Refers to outer edge of "boundary layer, or at wall 
t Derivative with respect to t(0) 
x x component 
y y component 
z z component 
X Derivative with respect to x(0) 
1 In front of shock wave 
2 Behind shock wave 
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A. Basic Equations 
There are many simplifying assumptions used throughout this analysis 
in an effort to obtain a reasonably tractable solution to the problem. 
The fluid is assumed to be a homogeneous perfect gas in thermodynamic and 
chemical equilibrium and diffusion effects are neglected. The electrical 
conductivity of the fluid is assumed to be a scalar quantity, that is, Hall 
currents (29) are neglected. This approximation is reasonable unless the 
fluid pressure is very low and the magnetic field strength is large (33)• 
The electrical conductivity of the fluid is a function of the degree 
of ionization of the fluid particles. As the degree of ionization 
increases, the electrical conductivity increases, and the deviation of the 
fluid from a perfect gas is not accounted for in the following analysis. 
The gas is also considered to be a fluid of definite composition which is 
called the single fluid approximation (29). Actually the composition will 
change with temperature and pressure as the degree of ionization changes 
with temperature and pressure, and a more accurate and complete analysis 
would have to involve the change in species concentration. 
In the numerical solution of the equations the coefficients of 
viscosity and thermal conductivity, the specific heats and the Prandtl 
number are assumed to be constant. These quantities are, in general, 
actually functions of the temperature and the degree of ionization. The 
electrical conductivity is assumed to be a simplified function of the 
temperature which is an approximation of the actual conductivity 
variation. 
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V x H = J.+ (eË) (1) 
V x É = - ^ H) (2) 
Equation 1 is a statement of Ampere's law and Equation 2 is Faraday's law, 
Ohm's law for the conduction of charge is 
J  =  c r ( E + q x B ) + p e q  =  3  +  Pg<i (3) 
The usual magnetogasdynamic approximation will be made that the excess 
charge density p^  is negligible (29). 
The fluid-dynamic equations are 
P = pRT (4) 
3t 
p 
+ V• (pq) =0 (5) 
= - Vp + ( v • T) + F (6) 
Dt m 
Equation 4 is the thermal equation of state, Equation represents 
conservation of mass, and Equation 6 conservation of momentum. ( V * T )  
represents forces due to viscosity of the fluid, r is the viscous stress 
tensor, and F^  is the magnetic body force per unit volume, j x B. In 
tensor notation (29) 
ÔT, • p du du 
7 
' 
T ° S- • Tij = ' 3 11 &ij S7 + " (5T + 5T1 <6a) 
J X J 1 
The coefficient of viscosity is p. and 6^  is the kronecker delta. 
The energy equation is 
p e 5t + ^  (kVT) +$ + j2/a (7) 
$ represents viscous dissipation, j2/a is the joule heating, and there 
is assumed to be no external heat addition. 
10 
ou. 
$ = Tij 3T 
For steady flow these equations reduce to 
V x H = j 
V x Ë = 0 
j = a (Ë + q x B) 
p = pRT 
V * (pq) = 0 
P (q. * v )q = - p+ ( v *  t) + j x B 
p (q • V)h = q • V p + V* (k VT) + $+ j2/ cr 
Substitution of Equations 8 and 10 into Equation 9 results 
V x (^ -5) - ne V x (q x H) = 0 
Equations 13 and 14 can be written in terms of H. 
P (q. • V ) q = - Vp + Ve T + (Vx H) x H 
P (q ° V) h = q • V p + V* (kVT) + (£ + X,g^  
B. Reduction to Boundary Layer Flow 
1. The two-dimensional boundary layer problem 
u 
o 
velocity 
temperature 
profile 
y magnetic profile field 
prof 
x 
H H 
X0 yo 
Figure 1. The two-dimensional boundary layer 
11 
In the two-dimensional boundary layer problem the x-coordinate is 
measured from the leading edge of the plate parallel to the streamwise 
direction. The y-coordinate is measured from the surface of the plate 
perpendicular to it. In the aligned-magnetic-field problem, the ratio 
E is assumed to be small compared to one. In the crossed-magnetic-
field problem, the ratio E^ q/e^ q is assumed to be small. Since the velocity 
and magnetic field vectors lie in the x-y plane, the electric current 
density vector will be in a direction perpendicular to the x-y plane. A 
possible physically meaningful interpretation of such a solution is 
explained by Greenspan (15) as an approximation to flow past an axially 
symmetric body where the radius of the body would be large compared to 
the boundary layer thickness. The electric current lines are then 
circumferential and close upon themselves. 
2. Equations for aligned magnetic field 
In two dimensions, the equation of magnetic field, Equation 15 
becomes 
à ri A àHx,, a 
 ^
[ô - 3T11 - 3} (uHy - vV - 0 (l8) 
%  ^ an % 
3Î [â ("5? ~ 1 " e^ cix (uIIy " vHx} = 0 (19) 
Equations 18 and 19 are the x and y components, respectively, of the 
magnetic field Equation 15. 
Since V • 'H = 0, , Equations 18 and 19 become 
% -, an an an aH .  ^
[ô (ST - = »e (u ST * v W + Hx 3y - Hy (20) 
. ÔH BH udH vdH H ôv H du 
se [â " ^ r)] = ( ~^ r + ~sr " ~^ x~ + (21) 
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+ 
& [ ^ { 2 & " F ^  ^4] + & ^ 
n dH dH 
+ $ + a (^i " ~S|)2 (2if) 
Equations 22 and 23 are the x and y components, respectively, of the 
momentum Equation 16 and Equation 24 is the two-dimensional form of the 
energy Equation 17. 
The equations are now put in nondimensional form "by the following 
substitutions : 
x = 1^, y = 6y, u = u^û, v = v^v, = H^îy 
P = pQp, T = ToT, p = pou^ p, jx = noil, k = kQE, a = aQa, cp = c^ c^ , ô = 6L 
(25) 
The quantities with zero subscripts refer to freestream values or to values 
at the wall. H , H , and a generally refer to wall values, the rest 
xo' yo' o ° 7 
to free stream values. The equations become 
. _ _ dH H ôH r dH v dH 
— [— % —3 " ÏT2 —^  ] = Ra { L ^   + ^ v-^  
ay a ay xo ox \ ox o ay 
0 (r) ? Î 0(8) 0(5) 
+ 1° H H (26) t! 
o oy xo - By ) 
0(6) ? 
U
~
X d H y , 
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a rl /6 — 
ri (L H rr 
ox a xo ox 
c2' 
3^ >5 
y ' x 
H 
0(8=) 0(1) 0(—) 0(6=) 
yo -
xo 
^TT -rr XI istJ 
Iii + 1° j£° v Iii 
u H x-
o xo dy 
E2' 
dx 
H ô
2 
o(sP) 
5_°H ^  + ^ 
"dx y^-
(27) 
0(6= 
p(u 
0(6=) 
dH H dH 
-z- du . o L - du\ dp t-. 5 r^"y ^xo L x-
" H ô >-yo dy 
;, = . ^ - BrA r-i -
dx Uo ^ dy dx H ^ dx 
1_ 
R 
0(1) 0(1) 0(1) 0(1) o(—) 
rdû v L dv dû\, L Vo d 
dx 
[- # n(— + f T ^ ) ] + 2 )^ + £ 
dx uo u dy 
0(1) 0(1) 
dx dx ^ Uo dy 
0(1) 0(1) 
- (ï ^)+(£)2 ^r(ï ^)] 
dx dv dv 
f 5 Vo dv 'o>2 - dv ? dp +  ( — v  —  V  =  -  — —  +  
dy "yo dx u o dx 
0(6=) 0(6=) 
v 
o dy J 
'52' 
«H { flx '1 
y y
(28) 
H dH H dH -) 
xo y i xox2 xN / 
H 
ô2 
0(1) 0(6=) 
1 f d f Vo L ôv 2 rôu Vo L dv, 1 , ô r- / du vo 6 ôv "t ,1 
0(1) 
û
yo dy 
o(—) 
e v dy 
0(6=) 
o ' dy 
0(1) 
dx 
0(1) 
o " dy 
0(1) 
dy 
0(1) 
o dx 
0(6=) 
(29) 
^(opé) + o L d / % ^ > u. f ^<CpT> - % ( + - ô£ 
dx Uo ^ dy 
0(1) 
o " dy 
0(1) 
l\ + Vrf 
c2 0(1) 0(1) 0(1) 0(6=) 
T ôr. %H [—(k — ) + (|)2 (k —)i- (y-l) r" ^  f 
ôx dx ^ ^ ] % l 
ÔH 
(_Z)2 
ÔX 
0(1) 0 (Z) 0(5U) 0(1) 
ô2 
+(L)2 + Izili „ r (| 
ôv e \ 
H _ ÔH ÔH 
xo L y x 
Hyo 5 ôx dy 
0(——) 
6= 
yo dy
°(èç) 
)2 (i (—)2+ terms of 0(52) and less 
0(6^ ) o(—) 
dy 
} 
ô2 
(30) 
1k 
In Zqu.atic.iic 26 through 30, the order of magnitude of each term is 
indicated "below the term. The magnetic Reynolds number R , the magnetic 
pressure number R^ , the Reynolds number Rg, the Mach number M, and the 
Prandtl number P^  are defined in Equation 31 
Rc = ®H = "e Ry0/pA> Be = pouoL/lV 
« = Vao' Pr = p^A b1) 
The usual "boundary layer assumptions are made that "v0/u0 = ô/L = 
0(ô) « 1. All of the dimensionless variables and their derivatives are 
of 0(l). It follows from Equation 26 that since the left side of the 
equation is at least 0(—), that R on the right hand side must be 0(—) 
8 ° 82 
in order to make the right hand side the same order as the left hand side. 
It also follows then, that H /H on the right side must be no greater 
' yo' xo 
than 0(B) if the rest of the terms on the right side are to be significant. 
Since the largest component of the magnetic field with this condition is 
parallel to the flow, these equations are called the aligned field 
equations. With the assumption that H /Hxq is the order of 8, the second 
term on the left hand side will be small compared to the other terms, and 
will be neglected. With the same reasoning, the first term in Equation 
27 is dropped. From Equation 28 it is seen that R^  is 0(52), l/R^  is 
0(B2), and that the first term in the magnetic portion of the equation and 
all but the last term in the viscous portion are comparatively small and 
will be dropped. In Equation 29 the two terms involving ^  and are 
0(—) larger than any of the rest. In Equation 30 the first term in the 
82 
heat conduction portion, the first two terms in the magnetic portion and 
all but two of the terms in the dissipation function are dropped. 
15 
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are thus: 
^ i dH f dH dH x , 1 
 ^^ I " "S# + "  ^  ^J 
^ i dH f dH ' dH , , 1 
- 35E ^ + 
d (P + è ne H2) = 0 (35) 
p <u4r-)+ v —sr-i " u ^  +  v ^  +  | ? ( k ^ ) + l  ( ^ ) 2  
+ n (^)^ (36) 
3. Equations for crossed magnetic field 
If the ratio H /h is assumed to "be large rather than small, a yo' xo 07
set of equations different from Equations 32 to 36 is formed. This is 
termed the crossed-field situation as the largest component of the 
magnetic field is perpendicular to the flow. Equations 26, 28, 29, and 
30 are rewritten 
. _ _ dH H dH f' dH v dH v 
I1 [R (ô ^  " H^  1 = RCJ{L U"7T + ^ "T?V Sx ^  dy a dy xo dx v. dx o dy o dy 
o(-) o(—) ? 0(5) 0(0) 0(0) 
5 & 
- € "y xo  dy. 
0(7) 
5 
dx 
V , 0 L - 11 _ d P  
dx 
0(1) 0(1) 0(1) 
5 f l y  H x o t S f l x , l  
-- - - ---
J yo dy e v 
? 0(1) 0(1) o(52) 
16 
•V - *N "" V_-\— -X »s — _ V -x N — O r CL - /OU f u li OV\ n , _ U f - OU\ 1J U U /- OVn 
0(1) 0(1) 0(1) 0(1) 
+ (§>2 fr (Ï p) (38) 
oy oy 
°%) 
k o dx o dy J dy <• yo dx yo 
S\2 o(52) o(s)2 o(i) o(i) o(e2) o(5) 
s 8 ' ]  ' t  fp 15 {^(|)p-f f 1 *<L ( oy o oy ox o dy 
0(5^) o(i) o(i) o(i) 
6 1  g - î t l H  " » *  
0(1) o(52) 
Î ' I S  
o(l) 0(1) 0(1) 0(1) 0(1) 
à di_ . ,t„ zc & r »• H - - » » 
1 
+ £ C^)*®2 (/-D ?f f(^)2-^^ 
e r dx ox oy o I ox yo dx oy 
0(52) 0(1) 0(~) 0(1) 0(1) 0(1) 
H dH 
S2 
- (§)2 (g22)2 (4s)2] + (7'b' # { (|)2 S (^)a + ...] (to) 
yo oy J e I dy V 
0(1) 0(5^) 0(—) 
F 
In Equation 37, the last term on the right side is much larger than the 
other three terms. In order that the right side "be of no greater 
magnitude than the left side Rg can "be no larger than 0(l). in 
17 
Lcn J S can alee "be no larger than O(l). With and of 0(±), 
Equation 37 to 40 "become in dimensional form 
% -, &K dH . (Ul) 
p [u S + V = • S " Hy [$r • 1+ ^  ^ 3^  
I  m ,  .  M 
^-Ï2]2^ (#2 m 
The y component of magnetic field equation is replaced "by V• H = 0 
H dH dH 
^ V - ° '  
O(S^) 0(1) 
or, in dimensional form 
. ^ = 0 . . (^) 
The boundary layer assumptions, then, applied to the case H^ /H_^ « 1, 
give the result that H^  is a function of x only. Equation 4l then 
integrates to 
dH dH 
The constant of integration is zero as the applied electric field is 
assumed to be zero. Equation 47 is substituted into Equations 42 and 44 
P ^ + v ^ (CpT)] = u ^  ^ (k ^) + ^(^)2 + a^H2 if 
(49) 
18 
If the assumption is made that Hxq and II are of the same order of 
magnitude, i.e., Hxo/H = 0(l), the same Equations 48 and 49 result. 
However, the restrictions on Rg and R^  are now that Rg = O(^ ) and R^ . = 0(5), 
ô 
The restriction on the product R Eg = 0(l) is still the same. 
19 
XII. SIM LAB SOLUTlOlNS 
A. Similar Solutions for Crossed-Field Equations 
•For steady flow in two dimensions, the continuity equation (con­
servation of mass) is 
 ^(Pu) + ^  (Pv) = 0 (50) 
If u and v are defined in terms of the stream function \|r, Equation $0 is 
automatically satisfied 
Equations 48 and 49 are rewritten in terms of i]/ 
d\lr /d r 1 dil/., s d\|/ /d rl di|/-,\ dp , d / d rl d^,, 
 ^(^ E ^  = "55E + ^  3^  [p 
~ "p5 *y 5y (52)  
+  ^  ^  ^
In order to obtain the similar solutions, the following definitions 
are made : 
i|r = oy f(S), p = p^ (gS P = Po (p, T = (S), 
C = Cyx y, p. = nQp (C), Cp = CpQGp ( Ç), k = kQk ((;), o = aQa (£) 
Hy = H^ (^  W 
Hq will hereafter refer to the vertical component of the magnetic field 
at the wall for both the crossed-field and aligned-field situations. 
Equations 52 and 53 become (primes indicate differentiation with 
respect to (Ç): 
20 
c! o! 
2 TT2 l-n-s+2w 
- ,f\„/ ?e Eo 1 - ,f 
" 
(t)ni - — 5 (t> • (55) 
qp x4"Z-r ., k C,xs"n+1 
% rtf'- rft 5p " n5Pft'- TIï^TT (7,+ •%" [£,t'+ 
0 po o v 
p p3 T 2z+r n+3 s-r-2z+l 
I V ]  J  [ ( f ) ' f  
p2 C T * 
o po o 
2ij2p p T2z-2w+r n+s+2w-2z-r+l 
+ 0 e 0 1 ^  â (f )2 (56) 
p2 G T x 
o p o 
Solutions of the above equations are said to be similar solutions if 
relationships between n, q, s, r, w, and z can be found such that all the 
exponents of x are zero. If these relationships can be found x vanishes 
from the equations explicitly and the partial differential equations 
reduce to ordinary differential equations with the similarity parameter £ 
as the independent variable. The algebraic equations which result when 
the exponents of x are set equal to zero are as follows : 
2 n + 2 s + 0 = q + z  
n — s + 0 = 1 
n + s -2w =1 (57) 
n - s + 0 + 0 = 1 
n + 3s - r + 0 = 2z -1 
n + s - r + 2 w = 2 z - l  
r + 0 = q - z (58) 
Equations 57 are obtained from Equation 55, and Equations 58 from 
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Equation 56. The second of Equations 57 is identical to the first 
of Equations 58. The second of Equations 58 can be obtained by subtract­
ing the third of Equations 57 and the fourth of Equations 58 from the 
first of Equations 57. The third equation of Equations 58 can be obtained 
by subtracting the second of Equations 57 and the fourth of Equations 58 
from the first of Equations 57. The fourth of Equations 58 can also 
be obtained from the equation of state, Equation 4. There are thus only 
four independent equations for the six unknowns n, s, q, z, r, and w. The 
simultaneous solutions for s, n, r, and w in terms of q and z for each 
of these two sets of equations are presented in Equations 59 
n 
= 
+1 
s 
= 
+1 
w + \ 
r = q - z (59) 
If the flow is assumed to be isentropic outside of the boundary 
layer, the isentropic relationship between the density and the pressure, 
p = Kp^ , can be used to obtain the relationship between q and z, 
q = %z. 
The coefficients and cy are selected so as to make the variables 
f and Ç dimensionless. Equations 59 and the relationship q = yz are 
substituted into Equations 5^  
•  -  P 0 / v ?  ^  p  =  ï 0  
T = T0(F)QL'Z^ '1 T((), P = PC 
nr 
E " l/£ " Hy "  ^ <é0> 
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With the use of Equations and ou, equations )) and "become 
9.ft (7-) " (q^ 7 + 2^ ) f (7-)1 = -q/r1^  + ^  (7-)1 
+ M. ij~) " - SÔ (%) (6l) 
Cp qf't - + 27) [cp'ft + cp ft'] 
= i2^ ) q (p) + §r  [kt" + k ' t ' ]  +  (7 -1 )  [ (Ç) ' ] 2 +(7-l)^ Sâ(y)2 (62)  
where : 
M = Mach number = uQ/a0 (65) 
7 = Ratio of specific heats = C /C (64) 
' po' vo x ' 
S = Magnetic Interaction Parameter =uE^ L/pu = R En (65) 
o o ' o o f f H  x  "  
P = Prandtl number = C u /k (66) 
r po^ o' o x ' 
Substitution into Equation 4 (equation of state) results in 
Jt t = 1. (67) 
B. Similar Solutions for Aligned-Field Equations 
Equation 52 can be integrated to give (p.o constant) 
1 
e 
ÔH 
ff ~5y = ^e t ™ + vHx 1 <68) 
Again as for Equation 47 the constant of integration is zero "because no 
electric field is applied. The magnetic vector potential A is defined "by 
V x Â = (69) 
For components of H in the x and y directions only and for two-dimensional 
flow 
, ÔA 1 dA 
Kx - ~e -5? ' Hy = " ^  "S (70) 
Az is defined in terms of the similarity parameter as 
\ = C4 xag (U, C4 = ne EL1"3 (71) 
Use of the magnetic vector potential automatically satisfies the 
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requirement that the divergence of H is zero, since the divergence of the 
curl of a vector is zero. This precludes the need for one of the two 
Equations 68 or 33. 
Equation 68 in terms of g with the use of Equations $4 becomes 
R 
(jr-^ ( as (Ç) - ng. (Î)} (72) 
Equation 34 can be rewritten 
n (T /X\n-s—1-z 
; = g- y 
e 
(73) 
Since from Equation 35 the quantity p + —— is not a function of y 
it can be a function only of x. 
p. H2 ' 
P + -f-2 = C2X (74) 
Equations 5^ - "with and as selected in Equations 6o can be 
written as 
rXNn m m /Xsr 
• - P„ /V? y f(Ç), T = To (i)' t(U, 
£  = V —  © y ' P - P0 <E)Z -C (U (75) 
r u L 
o 
Substitution of Equations TO, 71 and 75 along with the equation of state, 
Equation 4 into Equation 7^  results in 
G L x^ ~r 
jf1 + | REBN # (X)2a+2s~r-z [ G L ( Ç ) ] 2  =  2 (76) 
o o 
For similar solutions the exponents of x must be zero 
2a + 2s - r - z = 0 
P - r - z = 0 (77) 
Og is evaluated from the conditions at the outer edge of the boundary 
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layer (X = 1, t = i, g- = g- (=») ) 
°2 = poEToL~r~Z { 1 + 2 ^ k' Hf} (78) 
Substitution of Equations 70, 71, 7^ , and 75 into the momentum 
Equation 73 results in 
(n+s-z) f (Çj.ar (Ç).= -P|JL + ^  [g'(«)f j (X)P-2n-2s+Z + 
RA [(a+s)(g')2- agg"](f)2a-2n+z + (S'(j-)' + S (y)"} (Ï)s"n+:L (79) 
Equation 36, the energy equation, becomes 
r 5ptf- n Cp tf - n Cpt'f = p [ (2y:) + (2^ )^ [g'Hf] (Ç) 
(XjP-r-z_ I" [(a+s) (g1)2 + sÇg'g"]f ' -[^  + sÇ(^ ) Ig'g"] 
(X)2a+2s_r_z + [k'f + kt"] (?_i) af; [(?:), ]2(X)%+3s-r+l-2z 
+ (^S (7-l) (X^a^s-n-r+l, (8o) 
a a 
Again, for the equations to be similar, the exponents of x must be 
zero. From Equation 72, 77, and 79 one obtains 
n - s  +  0  +  0  =  l +  z  
2s +2a - r = z 
r = p - z 
2n +2s + 0 + 0 = p+ z 
2n + 0 -2a + 0 = z 
n - s + 0 + 0 = 1 (8l) 
From Equation 80 
r = p - z 
2s + 2a - r = z 
n - s + 0 + 0= 1 
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AJ. -J o 
n - 3s -2a + 4=1 (82) 
From the first and last of Equations 8l, it can he seen that the 
parameter z must be equal to zero. As before in Equations 57 and 58, 
some of the Equations 8l and 82 are identical and others are not 
independent. With z equal to zero, four independent equations are found 
for the five remaining parameters. Therefore, the exponents of x solved 
in terms of {3 are 
r = p 
s = (85) 
Equations 72, 76, 79, and 80 become 
s" - ^  5 [ 4r- 8 (Ç) - (4p) 8' (fn w 
J? t = 1 + I } [g* (°°) ]2 - [gT ( O f ]  (85) 
I-„ ,e,. (¥,,(rv., 
+ [f (s')2 - gg"l + (J-'Cy)1 + p. (y) " (86) 
p Cp tf » - (^ ) tf - (^ ) Gpt'f = p (7-1) [ I + -
[g* Hi2 ) (Ç) - (7-1) %%% [I (s1)2 Ç - (nr} I g,g"î + fe{ 
[k't' + kt"]|+ ( 7 -1) [(Ç)']2 + (7-1)  ^ (87) 
0  g  
The temperature, velocity components, and magnetic field components 
become 
A 
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%y = - %o s + G s'j (88) 
(89) 
(90) 
(91) 
(92) 
(93) 
For isentropic flow to exist outside of the "boundary layer for the 
aligned field case, the parameter (3 must "be zero since (3 = fz, for isentropic 
flow and z must "be zero for similar solutions to exist. For f3 = 0, 
the pressure must "be independent of x. This corresponds to a flow along 
a flat plate. 
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A. Reduction to First-order Equations 
1. Crossed-field equations 
Solution of the equations was made with constant viscosity, specific 
heats, and thermal conductivity "but with a variable electrical conduc­
tivity cr. All solutions were obtained with q (or p) equal to zero, 
which is the flat plate boundary layer solution for zero fluid pressure 
gradient. The Prandtl number was held constant at 0.7. In order to 
make comparison at lower Mach numbers with earlier solutions (55, 59), 
the electrical conductivity variation with temperature was chosen so that 
a would reach zero at the outer edge of the boundary layer. Experimental 
results (8) show that a can be approximately represented as proportional 
to a power of the temperature. The equation which was used is 
This a variation was chosen such that a = a at Ç = 0 (at the wall) and 
a = 0 at the outer edge of the boundary layer. 
Because the temperature is not involved in the solution of the velocity 
profile for the incompressible case (M = 0), the variation of electrical 
conductivity through the boundary layer was chosen to be a function of the 
conductivity be o q at the wall and zero at the outer edge of the boundary 
layer. This particular variation was chosen because the equation fits 
very well with the electrical conductivity variation found as a function 
of temperature at a Mach number of one. This seems to be a more realistic 
o  =  o  o = o  
o ( o (94) 
velocity, a  =  a  ( l  -  if). This satisfies the supposition that the 
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The numerical solution technique used is a technique which can be 
used to solve forty or less simultaneous, ordinary, first-order differ­
ential equations. In order to reduce Equations 6l, 62, and 67 to first-
order equations the following substitutions are made : 
m = f'/jP (95) 
X = m' (96) 
a = t' (97) 
Equations 6l, 62, and 67 with constant viscosity, specific heat and 
thermal conductivity then become 
X* = Zg qf'm - [q (% + 0.5] fX + q/%^  + Sm (1  1  (98) 
2 r  4 7  L [ t ( 0 ) Y - l )  
a' = Pr { ^  q-tfT "[q + °-5]fa -q. (^)m - (7-1) ^  
-
( 7
-
y  'MfedS • 
(99) 
r l y 
5. 
[t(0)]?_l 
f' = m/t (lOO) 
Solution of the crossed-field case then involves the simultaneous 
solution of Equations 96, 97, 98, 99 and 100 for the dependent variables 
X, m, a, t, and f as functions of Ç. 
2. Aligned-field equations 
Solutions of the aligned-magnetic-field equations were obtained with 
the electrical conductivity variation 
a  =  a Q  t ^ / [ t (o ) ]5  (101 )  
The following substitution is made: 
r = gr (102) 
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5, 9-, 9T> v,nd 102 are used to reduce Equations 8K As, 
86, and 87 to first-order equations 
r ' = .1 
 ^I W0)]5j L (Ér] g m - (Êr>rfm/f: 
f ' = (m/t) I 1 + ^  lyijj M2 £ (r (») f - i^ jj 
x' = ^ ~m - ^ + p + % [r H]2} 
Vk er'] 
a' = Pr [ ptf • - (Ê^j fa - s (7-1) [ i 
(10)) 
(104) 
(105) 
#HeRH [r (°°)]2 J m 
+  ( 7 -1) [S r^ m - fmrr'/f] - ( 7 -1) I^ \2 
(y-1) N=(r')= r f t (o)i5 
1 t5 R ! (106) 
Solution of the aligned-field case then involves the simultaneous 
solution of Equations 96, 97, 102, 105, 104, 105, and 106 for the 
independent variables X, m, a, t, f, g, and r as functions of Ç. For 
isentropic flow outside of the boundary layer g must be zero. It may be 
possible that other values of p might yield physically possible flows 
but this has not been investigated. 
B. Boundary Conditions and Iteration Procedure 
1. Crossed-field case 
The boundary conditions used to obtain solutions are that the velo­
city components must be zero at the wall, the horizontal component of 
velocity at the outer edge of the boundary layer is the free stream 
velocity u , either the temperature at the wall is specified or the 
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temperature gradient at the ^ 7 all ie zero (adlabatic vail), and the 
temperature at the outer edge of the "boundary layer is the free stream 
value Tq. The five "boundary conditions expressed in equation form are 
thus 
u = 0 at y = 0 
v = 0 at y = 0 
u = u at y = oo 
o J 
ÔT T = T^ at y=0or^ =0aty=0 
T = TQat y = oo (107) 
In terms of the similarity variables the "boundary conditions are 
m = 0 at £ = 0 
f = o at £ = 0 
m = 1 at £ = oo (density is pQ at y = oo) 
t = t at f = 0 or a = 0 at ( = 0 
w b b 
t = 1 at Ç = oo (108) 
Only three of the "boundary conditions, that is, the values of m, f, 
and a (or t), are given at the wall. In order to proceed with the 
numerical solution which starts at the wall, the initial values of t 
(or a) and\ must "be guessed. An iterative procedure was developed 
evidently similar to that mentioned in reference 10. In this procedure, 
three solutions of the five equations are made simultaneously. Say, for 
example, that t(o) and \(0) are the two guessed "boundary conditions. In 
the second solution the same "boundary conditions are used except that the 
initial value t(o) is changed slightly and in the third solution t(0) is 
the same as in the first solution "but \(0) is changed slightly. The 
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solutions are carried out to large enoi^ h values of £ such that the 
asymptotic (free stream) values of the variables are reached. 
To develop the iteration procedure the values of the functions whose 
boundary conditions are to be met at infinity are written as functions of 
the guessed initial conditions 
m ( °o )  =  [ t (o ) ,  \ (0 )  ]  
t(°°) = tM [t(o), x(o)] (109) 
The partial derivatives of these functions are approximated as 
ôm(oo)  +  A t ( ° )>  \ ( 0 ) ) -  \  ( t (0 ) ,  x (0 ) )  
= ™t dt(0) At(0) 
atfco) tJtCo) + At(0), \(0))- t*, (t(o), x(0)) 
dt(0) At(0) 
dm(oo) (t(o), x(0) + A\(0)) - moo(t(0) , x(0)) 
8x(0) AX(0) 
Bt (00) t* (%(0), x(o) + Ax(o)) -  ^  ( t (0 )  , \(0)) 
= \ 
mx 
= t (110) 
u/x.^ v y <L-y\, ^ v j A. 
The first and second solutions are used to determine m, and t, , and the 
first and third solutions are used to find m^  and t^ . t(0) + At(0) is 
the initial condition for t in the second solution and \(0) + AX(0) is 
the initial condition for X in the third solution. The functions m^  and 
t are expanded in truncated Taylor series' (4l) including only first 
derivatives where 6 and (j) are the predicted changes in t(0) and x(0), 
respectively, necessary to match the boundary conditions at infinity. 
mro (t(0) + Ô, x(0) + (j)) = m^  (t(0), x(0 ) )  +  ômt +  (j)m^  
t* (t(0) + 5, X(0) + 4) = (t(0), X(0)) + + (|)\ (111) 
The desired values of (t(0) + 5, x(0) + (j)) and too(t(0) + Ô, x(0) + (j)) 
are both equal to one from the boundary conditions m(oo) = l and t(oo) = l, 
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respectively. The differences between the desired values of ia(cc) cuiû 
t(oo) and the values arrived at in the first solution are defined as 
El = 1 - t^  (t(0), \(0)) 
E2 = 1 - (t(0), \(0)) _ (112) 
Equations 111 become 
E2 = ôm^  + (j)m^  
El = 6t. + <j)t (113) 
"D A 
Solutions of Equations 113 result in 
E2 \ ™t E2 
El 
"t El 
mt ™t 
tt tt 
The iteration procedure thus consists of repeated solution of the 
equations with the values of t(0) and \(o) replaced by t(0) + 5 and 
x(0) + (j), respectively. For almost all of the solutions obtained for the 
crossed-field equations, five iterations were sufficient for convergence. 
The numerical procedure used is the Runge-Kutta (4l) predictor-corrector 
program in general use on the IBM 7074 digital computer of the Iowa State 
University Computation Center. The Fortran program which does the 
iteration procedure (subroutine fudge) and the numerical integration 
(subroutine node) is included in the Appendix. 
2. Aligned-field case 
The same boundary conditions are used as in the crossed-field case 
and two additional conditions are needed for the variables g and r. 
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conditions H (O) = Hq and H^ (°o) = 0. This corresponds to g(o) = 2 and 
r(=o) = 0. The value of r at the wall (£ = 0) then is an unknown para­
meter and must be estimated before a solution can be started. The 
method used for the iteration procedure is identical to the crossed-
field case except that there are three guessed initial conditions instead 
of two. This requires that four solutions of the seven equations must 
be obtained in order to obtain the nine partial derivatives (derivatives 
of m(°o), t(oo), and r(°°) with respect to \(0), t(0) (or a(0)), and r(0) 
needed for the iteration. The fortran program for the iteration procedure 
for this case is also included in the Appendix. 
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A. Crossed-field Results 
1. Velocity profiles 
Figures two to six show the "boundary layer velocity profiles for 
crossed magnetic field for Mach numbers of 0, 1, 4, 5, and 8. At each 
Mach number profiles were calculated for several values of the magnetic 
interaction parameter, S = L/p^ u^ . The effect of the magnetic 
field is to reduce the velocity gradient at the wall, and therefore to 
reduce the viscous skin friction, and to increase the thickness of the 
boundary layer. The curve in Figure 2 for S = 0 is the curve for the 
well-known Blasius solution. The computed curve agrees very closely 
with previous solutions of the Blasius equation (36). 
2. Wall velocity gradient and the magnetic interaction parameter 
Figure 7 shows the wall velocity gradient as a function of the 
magnetic interaction parameter S for each of the Mach numbers. These 
curves show the decrease of the velocity gradient at the wall (x- (O) = 
nr y 
u -1/ — m' (0) ) with increase of the magnetic parameter S. Since the 
o y tdx 
skin friction drag is equal to the coefficient of viscosity times the 
velocity gradient ^  at the wall, the decrease in the velocity gradient 
gives a corresponding decrease in viscous drag. For higher values of 
Mach number, the velocity gradient at the wall decreases to zero at lower 
values of the magnetic interaction parameter. 
The magnetic interaction parameter S = B2 L/P0u0 is the product 
of the magnetic Reynolds number, Ra = cr0^ euoL, and the magnetic pressure 
number, R^  = . The magnetic pressure number R^  is also equal to 
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Figure 2. Boundary layer velocity profiles for M = 0 and various 
values of the magnetic interaction parameter S with 
crossed magnetic field 
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VELOCITY—m 
Figure 3. Boundary layer velocity profiles for M = 1 and various 
values of the magnetic interaction parameter S with 
crossed magnetic field 
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Figure 5. Boundary layer velocity profiles for M = 5 and various 
values of the magnetic interaction parameter S with 
crossed magnetic field 
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Figure 6. Boundary layer velocity profiles for M = 8 and various 
values of the magnetic interaction parameter S with 
crossed magnetic field 
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Figure 7. Velocity gradient at the wall as a function of the 
magnetic interaction parameter S for various values of the 
Mach number for crossed-field flow 
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the square of the ratio of the Alfven (2Q) velocity (V.. = H -» /ll /n ) 
x 
- * n o v ' e- u' 
to the free-stream velocity Uq. Several authors (2, 15, l6) have stated, 
that for incompressible "boundary layers with constant electrical 
conductivity, boundary layer solutions are not possible for greater 
than or equal to one. At R^  equal to one, the magnetic pressure is equal 
to the dynamic pressure and the effect is that the velocity of the fluid 
relative to the plate in the vicinity of the plate is zero. For R^ . 
greater than one, vorticity is propagated upstream and the boundary 
condition of uniform flow upstream is not satisfied (l6, 32). 
The present case is somewhat more complicated because of the effects 
of variable conductivity and compressibility. Previous solutions of 
ordinary boundary layer equations (9) show that boundary layer thickness 
increases with increase in Mach number and that the velocity gradient at 
the wall decreases. Figure 7 shows that this is true not only for the 
ordinary boundary layer case (S = 0) but is also true for S greater than 
zero. The rate of decrease in m' (0) with increase in Mach number for 
constant values of S appears to be about the same regardless of the value 
of S„ The value of S at which separation occurs (m!(0) = 0) therefore 
decreases with increase in Mach number. 
3. Boundary layer thickness 
Figure 8 shows the boundary layer thickness, defined as the value of 
y where the velocity reaches 99.of the free-stream velocity, plotted 
versus S for different Mach numbers. The boundary layer thickness 
increases very rapidly as the magnetic interaction parameter S increases 
to the value for which the wall velocity gradient m'(o) is zero. 
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Figure 8. Boundary layer thickness as a function of the magnetic 
interaction parameter S for various values of the Mach 
number for crossed-field flow 
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4, Adiabatic wall temperature profiles 
The temperature boundary layer profiles for an adiabatic wall and 
for Mach numbers of 1, 4, and 8 are plotted in Figures 9, 10, 11, and 
12. These curves show that the adiabatic wall temperature increases slightly 
with an increase of the interaction parameter S. The temperature boundary 
layer thickness increases with the interaction parameter S as does the 
velocity boundary layer thickness, and the temperature remains close to 
the wall temperature farther out from the wall for the higher values of 
the interaction parameter. In Figure 13, the quantity 1 - t(o)/t (0) is 
plotted versus the interaction parameter for the four different Mach 
numbers, t(o) is the adiabatic wall temperature ratio with magnetic 
field, and t (0) is the temperature ratio without magnetic field (S = 0). 
This plot shows the dependence of adiabatic wall temperature upon the 
value of the magnetic interaction parameter more clearly. 
5. Current density 
The current density distribution for a Mach number of five and for 
the magnetic interaction parameter equal to 0.1 is shown in Figure 14. 
The current density (ojigUH ) is zero at the wall where the velocity is 
zero and approaches zero at the outer edge of the boundary layer where 
the conductivity a becomes very small. 
The induced horizontal component of the magnetic field can be 
determined from the current density variation. The current density is 
equal to the curl of the magnetic field intensity vector H. Since the 
vertical component of the magnetic field is a function of x as in 
Equation 6o, the derivative of the horizontal component with respect to 
y would be as follows : 
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Figure 9, Temperature profiles for various values of the magnetic 
interaction parameter S at M = 1 with crossed magnetic 
field 
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TEMPERATURE — t 
Figure 10. Temperature profiles for various values of the magnetic 
interaction parameter S at M = 4 with crossed, magnetic 
field 
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Figure 11, Temperature profiles for various values of the magnetic 
interaction parameter S at M = 5 with crossed magnetic 
field 
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Figure 12. Temperature profiles for various values of the magnetic 
interaction parameter S at M = 8 with crossed magnetic 
field 
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Figure 13. Adiabatic wall temperature ratio as a function of the 
magnetic interaction parameter S for various Mach 
numbers with crossed magnetic field 
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Figure 14, Current density distribution for a magnetic interaction 
parameter S of 0,1 and M = 5 "with crossed magnetic 
field 
50 
(115, 
Equation 115 can "be rewritten 
H>1/2 5s=- § <r - fi^©172 V» 
o  I  a  o  J  
The quantity in "brackets is plotted in Figure 14. Equation ll6 is 
integrated with respect to y from y = 0 to the outer edge of the boundary 
layer 
r (f) l /2 f Hx<s» - Hx(°l] - -1 j {fir ® l /2j ^ 
0 (117) 
The last term in Equation 117 is integrated "by changing the variable of 
integration Ç, and the "boundary layer thickness ô is put in terms of the 
dimensionless "boundary layer thickness A which, in this case, is 9.778 
1 ®l/2 |Hx(ô) - Hx(0)) =-|©"l/2 A H 
o 
- \ I [rr(E) V 1-j |^<$ ) l / 2 d i  < l l 8 )  
/ *• o  o -1/R_ 
'
Ar4L_(x,V2] K 
The value of the last integral in Equation 118 is obtained by finding 
the area under the curve in Figure 14. This value for S = 0.1 and M = 5 
was found to be equal to O.892. Equation 118 becomes 
i- (|)1/'2 [ Hx(5) - Hx(0)] - - Ro (X)V2(119) 
 ^" iFe 
If the horizontal component of the magnetic field at the outer edge 
of the boundary layer H^ Cô) is zero, the smallest ratio of Hy to 
within the boundary layer would occur at the wall 
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H yRg 
 ^4.889 (2)"1/2 + 0.892 (5)l/2Ea  ^
This ratio is a large number as -y^  is a large number, except at very small 
values of x/L, where the ordinary boundary assumptions are invalid anyway. 
The assumption, upon which this solution is constituted, that the vertical 
component of the magnetic field is much larger than the horizontal 
component appears to "be valid. 
The current density in Figure 14 is actually only a first approxi­
mation as it is "based only on the vertical component of the magnetic 
field since the horizontal component is originally unknown. After the 
horizontal component is found from Equation 119 a "better value of the 
current density can be calculated. Since the horizontal component is 
small and the vertical velocity is small, the change in the value of 
current density would be very small. 
6. Friction coefficients 
Figure 15 shows a plot of the viscous friction coefficient, total ' 
momentum deficit, and magnetic force coefficient as a function of the 
interaction parameter S for M = 5. The viscous friction coefficient is 
the shear stress at the wall divided by the dynamic pressure 
8f = (121) 
tq is the coefficient of viscosity times the velocity gradient at the 
•wall 
du 
To " ^o ^  
In terms of the similarity variable m the viscous coefficient is 
(0) (122) 
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Figure 15. Viscous friction coefficient,total momentum deficit, 
and magnetic force coefficient for crossed-field flow 
as a function of the magnetic interaction parameter S 
at M = 5 
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Cf = mt(0)/-v/ulcÂr (123) 
The curves in Figure 15 are found with the aid of Von Karman's momentum 
integral Equation (36) 
r5  d [ 2 , d 
35E l pu dy -u, ^  
/ 
p udy = - ^   ^- 6 -32 + T 
o 0 
(124) 
T is thé shearing stress at the wall due to the magnetic field and T 
mo m0 
is the shearing stress in the x-direction at the outer edge of the "boundary 
layer. pm is the magnetic pressure i^ H2. The fluid pressure gradient is 
zero. 
In terms of the similarity variables, Equation 124 is written 
rA 
& ( i (aft" m) di) = "A-(°)V5 + 
e^Ho r3 ,IA (^ ) (125) 
u x sx 
o 
The magnetic shearing stress in the x-direction is The 
quantity T - T is then equal to the difference "between the values of 
mô mo 
m H H at the wall and at the outer edge of the "boundary layer. From 
e x y 
Equation 118 derive in section 5 T - T is then 
 ^ „ .A 
,la, - & 
Ô o 
t/^e ' ( {fir ®4j 
V  o  V o l v a o  '  
(126) 
Equation 126 is substituted into Equation 125 
i C (^=) at--*' (0) - fA [ A- (Ê)*j 
/  r ,  /  O  ^  
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For the example M = 5, S = 0.1, the term on the left side is equal to 
-0.1904, m'(0) = 0.1012, = S = 0.1, and the value of the integral 
in the third term must then he O.892. This is the same value which was 
found by graphical integration of Figure 14 and subtituted into Equation 
119. In Figure 15 the upper curve is a plot of theleft side of Equation 
127, the viscous portion is a plot of m'(0), and the magnetic portion is 
a plot of the third term of Equation 127 which contains both magnetic 
shear and pressure gradient. The total and magnetic portions of Figure 
15 do not represent total and magnetic drag of the plate but instead, 
these curves represent the total and magnetic force on the fluid in the 
boundary layer. 
The net magnetic drag on the plate is 
V - "eHyV°> ° "BHoHX (°1 $"1/2 <128> 
o v 
The magnetic drag coefficient is then 
°f = Tm ©~1/2 <129) 
mo 0 
The value of H (O) is not determined from the solution of the equations 
for the crossed field case and so is arbitrary as long as Hx(0)/Ho is a 
number small compared to one. The total drag coefficient for M = 5 and 
S = 0.1 is 
7. The cold-wall problem 
Figure l6 shows the temperature profiles for the cold wall problem for 
a Mach number of 5, where the temperature in this example was chosen to be 
twice the free-stream value. The electrical conductivity variation is 
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Figure l6. Temperature profiles for various values of the magnetic 
interaction parameter S at M = 5 for cold "wall and 
crossed magnetic field 
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tiie same as in the adiabatic wall problem so that a - a when the 
o 
temperature is equal to the adiabatic wall temperature. 
In Figure 17 the velocity and temperature gradients at the wall are 
plotted versus the interaction parameter S. The decrease in the wall 
velocity gradient with increasing S is much less than for the adiabatic 
wall problem, and much larger values of the interaction parameter S can 
be obtained before separation occurs. This is due to the lower value of 
electrical conductivity at the wall than in the adiabatic-wall situation 
while the parameter S is based on a = a , where cq is the electrical 
conductivity corresponding to the adiabatic wall temperature. 
The decrease in heat transfer at the wall with increase in inter­
action parameter is shown "by the decrease in the temperature gradient with 
S in Figure 17. 
B. Aligned-Field Solution 
Figures 18 and 19 show the solution obtained for the aligned-field 
case where the maximum value of horizontal component of magnetic field is 
of an order of magnitude greater than the vertical component. Figure 18 
contains the velocity and temperature profiles and Figure 19 the magnetic 
field components and current density profiles. The Mach number is 5, the 
magnetic interaction parameter S is 0.1 and the ratio of Reynolds number 
to magnetic Reynolds number is 10. The wall temperature is adiabatic. 
The interaction parameter is based on the value of the vertical component 
of magnetic field at the wall. 
The solution for the aligned-field case must satisfy the requirement 
that the maximum value of the horizontal component of the magnetic field 
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Figure 17. Wall temperature gradient and wall velocity gradient as 
functions of the magnetic interaction parameter S at 
M = 5 for cold wall and crossed magnetic field 
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Figure 18, Velocity and temperature profiles with aligned magnetic 
field and adiabatic wall for m= 5, s = 0,1 and r /r = 
10 e a 
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6o 
De ti,ii ûrùcr Ox iiiagiiiuUuc grcâucr oiia.ii uile Vcx'ojLCax Cûiiipûuëuo» i)'ruili 
Figure 19 the maximum value of the horizontal component is at the vail. 
and is equal to 0.08007 The magnitude of the vertical component 
at the wall is H at x = L, The ratio H /h is then 0.08007 -\/R at 
•o x' y V e 
the wall at x = L, For a Reynolds number of 10,000, then, the ratio 
H /H would be about 8, and for a Reynolds number of 1,000,000, the 
xo' yo 
ratio would be approximately 80. 
For the aligned-field situation, the static pressure is not constant 
through the boundary layer, but varies greatly as can be seen from 
Equation 74. From Equations 74 and 78, with p and g'(°°) both zero the 
pressure in the boundary layer is given by 
p - PoKIo - -p =• ÏO - <151) 
or, in terms of the similarity variable, 
P = P0 - -f-2 Re [r(Uf (132) 
or 
R0 pu2 
P = Pc - ïT S -§-2 (133) 
0" 
In the example calculated, R^ /R^  times S is equal to one, and r(o) is 
O.O8OO7. The pressure at the wall then, is 
P u2 
P = PQ - 0.0064l °2° (134) 
As the magnetic field strength is increased, the pressure at the wall 
decreases until the point is reached where the magnetic field strength 
is large enough to make the pressure at the wall zero. The value of the 
magnetic field strength required to do this is quite large, however, 
unless the electrical conductivity is extremely high. 
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C. Cuinparitiuû &l a. Mach Ivuinber of Five-
It is interesting to compare the results for the aligned-field case 
with the cross-field case for M = 5 and S = 0.1. Table 1 shows the 
differences. 
Table 1. Comparison of results for M =5 and S =0.1 
Crossed Aligned No magnetic 
Field Field Field 
Boundary layer thickness 9.778 9.^ 02 8.545 
Adiabatic wall temperature—t(o) 5.088 6.774 5.04-3 
Velocity gradient at wall—m'(0) 0.1011 0.1437 0.1754 
A large difference is noted in the adiabatic wall temperature. The 
larger value for the adiabatic wall temperature for the aligned-field case 
indicates that in the cold wall problem, the decrease in heat-transfer 
would be much greater for the aligned field case. The decrease in viscous 
friction coefficient for the aligned-field case from the no-magnetic-field 
case is much less than the decrease for the crossed-field case. The 
magnetic drag coefficient of the plate for the aligned-field case is 
calculated from the magnetic shear stress at the wall 
Cf .. = 'A(îy(0) - - jKP? <!'r(0)g(0) - °-08007 \ ; /u X ft m pu v o » o 
o o 
(135) 
The total drag coefficient for the plate is the viscous coefficient plus 
the magnetic coefficient 
I u x 
Cf A/~o~ = 0'1457 + 0-08007 RjjRg (136) 
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For this example, R^ /E^ . = 10, RgRg = S = 0.1 and thus = 1, so the 
1. Crossed magnetic field 
It is informative to discover what magnetic field strengths would 
"be necessary to produce separation of the "boundary layer. A few approxi­
mate examples have been calculated for the crossed-field solutions. 
Electrical conductivity data from reference 8 are used. 
The assumption is made that the perfect fluid relationships hold 
for supersonic flow past a wedge, although this assumption is not 
accurate enough for hypersonic Mach numbers. For supersonic flow past a 
wedge, the pressure is constant along the surface of the wedge. This 
satisfies the condition of zero pressure gradient for which solutions 
were obtained. 
Examples are worked out for a standard altitude of l6o,000 feet, 
for which the atmospheric pressure is 2.19 pounds per square foot, the 
density is 2.079 (l0)~^  slugs per cubic foot, and the temperature is 
6l3.7 degrees Rankine. The results are listed in Table 2. 
u x 
—— for the aligned-field case is 0.2238, which is greater 
o 
than the no-magnetic field-value of 0.1754. 
D. Field Strength Required for Separation 
0 
Table 'd. .Numerical examples 
Initial Wedge Mach No. Inter- Temp Speed Wall Elect Mag-
Mach No. Angle behind action "behind "behind Temp Cond. netic 
shock Parameter shock shock wall density 
XL 9 M. S T u T a B 1. 2 c 2 o w o o 
Degrees °R ft/sec °R mhos/cm Gauss 
9.45 4 8 0.095 8^ 1 11,300 9550 
1 
0.0014 4O,OOO/L2 
(air) (L in ft) 
9.45 4 8 0.095 8^ 1 11,300 9550 0.82 5210/1,2 
(.OOlfoCs) 
14.6 7 8 0.095 1435 14,850 16500 0.148 6030/L2 
(air) 
14.6 7 8 0.095 1435 
0
 
00 H
 16500 7.6 842/1,2 
(,001/oCs) 
10.5 16 5 0.172 2380 11,950 12300 0.017 24200/1,2 
(air) 
10.5 16 5 0.172 2380 11,950 12300 2.6 1955/Lf 
(.001/ccs) 
15 17 5 0.172 4300 16,000 22200 0.35 6800/1,2 
(air) 
15 17 5 0.172 4300 
O
 
8
 
£
 22200 12 1158/L2 
(.OOl/cCs) 
Several important results can "be noted from the table. First, the 
adiabatic wall temperatures in these examples are very high and during a 
reentry, say, the wall temperatures may not reach these values. The 
electrical conductivity would then be less than indicated. In addition, 
the values of magnetic flux density required to reach the critical values 
of the interaction parameter are very high, and if the electrical con­
ductivity is not as high as indicated the magnetic field strengths would 
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nave to be even higher. However, the addition of a foreign material 
into the air by 'seeding' with a material like cesium, sodium, or 
potassium which have low ionization potentials, increases the electrical 
conductivity greatly and therefore reduces the required value of magnetic 
field strength to a value which might be obtainable. In the examples 
listed in Table 2 the higher values of electrical conductivity are 
obtained by adding 0.001$ cesium by volume to air. 
2. Aligned magnetic field 
For the initial Mach number of 10.5 and wedge angle of l6 degrees 
from Table 2 the pressure p behind the shock wave is 38.5 pounds per square 
foot. From Equation 154 for the aligned-field problem with M^  = 5, S = 
0.1 and R /R = 10, the fluid pressure at the wall would be reduced to 
e a 
52.7 psf. For the initial Mach number of 15 and wedge angle of 17 degrees, 
the pressure would vary from 84 psf at the outer edge of the boundary 
layer to 71.5 psf at the wall. For the first example, with cesium seeded 
air, the magnetic field strength (vertical component) required to attain 
JL 
a value of the interaction parameter of 0.1 would be 1490/L2 gauss and for 
JL 
the second example, the field strength would be 883/L2 gauss. Since the 
horizontal component of the magnetic field is much larger than these 
values, it appears that the field required to attain zero pressure, at 
least for this example, would be rather sizeable. The values used here 
in this numerical example, are not realistic because the actual ratio 
R /r would be much greater than 10. For example, the ratio R /R would 6 0 60 
be much greater than 10. For example, the ratio R^ /R# for M^  = 10.5 and 
6 = l6 degrees for cesium seeded air turns out to be 9,150. 
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VI. CONCLUSIONS AND j^ vuMiyih.uDArluNS Fun FURTHER INVESTIGATION 
A. Effect of Magnetic Fields on Skin Friction and Heat Transfer 
The results of this investigation show that a magnetic field applied 
to a viscous, compressible, electrically conducting fluid will reduce 
viscous skin friction and heat transfer to the wall in the flat plate 
boundary layer problem. These results substantiate earlier findings for 
incompressible flow (3, 25). The effect of an increase in free-stream 
Mach number has been shown to be the reduction of the value of the magnetic 
interaction parameter S at which separation occurs for the adiabatic-wall, 
crossed-magnetic-field problem. 
It has been found, that for the crossed magnetic field case that 
while the viscous drag decreases from the no-field condition, the total 
(magnetic and viscous) resisting force exerted on the wall may increase, 
depending upon the value of the horizontal component of magnetic field at 
the wall. In the aligned-field example worked out, the viscous friction 
coefficient also decreased from the case of no magnetic field applied, 
but the total friction coefficient was higher. This example is the only 
compressible flow solution that has been obtained for aligned-field as 
far as is known by the author.. 
B. Further Study of Similar Solutions 
There are many avenues of exploration open for pursuit of more 
information. Only one solution for the aligned-field case was obtained 
due to excessive computer time needed for solution. It might be possible 
to obtain the effects of Mach number, Reynolds number ratio (Rg/R ), and 
magnetic interaction parameter on an analog computer of sufficient 
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capacity more easily. The effect of variable specific heats, variable 
viscosity, and variable thermal conductivity would be useful to provide 
more accurate information. A change in the assumed variation in electri­
cal conductivity will also give different results. 
Solutions obtained thus far have been only for zero fluid pressure 
gradient. There are several situations where flow with pressure gradient 
may be of interest. For the crossed field equations, it has been shown 
that similar solutions can be obtained for flow with pressure gradient 
when the flow outside of the boundary layer is isentropic. One situation 
which may be of interest is that in which the vertical component of the 
magnetic field is constant along the wall and not a function of x as is 
true for the solutions obtained thus far. This situation can be obtained 
by setting q equal to the appropriate value. It may also be possible to 
apply this particular similar solution technique as an approximation to 
the hypersonic viscous interaction problem (10, 18), where the pressure 
and temperature distributions are approximately exponential. 
C. Solutions of the Partial Differential Equations 
The similar solution technique is somewhat versatile in one sense 
in that the solutions are dimensionless and therefore, under the assump­
tions involved, valid for a range of numerical values of the involved 
parameters. However, it would be informative and interesting to obtain 
numerical solutions to the original partial differential equations. One 
could thus obtain solutions for specific cases, using more accurate 
electrical conductivity variation, and would not be inhibited as to the 
distribution of magnetic field or free-stream pressure. 
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At luw ueusitiéb and high magnetic field strengths, Hail currents 
($8), which give rise to the tensor conductivity, "become important. The 
electrical conductivity is no longer a scalar quantity. Other assumptions 
have "been made such as the perfect gas and single fluid approximations 
and the assumption of constant viscosity and thermal conductivity. It 
would "be informative if the effect of these assumptions could be 
ascertained by the calculation of more exact solutions. 
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IX. Arrmuix: -trG.KT.KAw rtiGG-JiAIvjb 
A. Program Notation 
In the fortran programs the variables and parameters have been 
redefined. The following table compares the symbols used in the text 
and in the computer programs. 
Text parameter 
f 
Program notation 
VAR (1, 1+2) 
VAR (1, 1+5) 
COM2 
VAR (1, I) 
DELTA 
C0N1 
VAR (1, 1+6) 
C0N5 
VAR (1, 1+1) 
VAR (1, 1+4) 
VAR (1, 1+5) 
x 
If the first subscript in the subscripted variable VAR is eight 
instead of one as above, the derivative of the variable in question with 
respect to £ is denoted (e.g., f' = VAR (8,1+2)). 
The above definitions hold except in the incompressible program. 
m 
q or 0 
VE„ 
r 
S 
t 
a 
X 
£ 
The differential equation to be solved here is 
f= Sf' [1 - (f')2] " 0.5ff" 
The equivalent variables in fortran notation are 
f' = VAR(l,l) 
•f" = VAR(l,I+l) 
f = VAR(l,I+2) 
f" = VAR(8,I+1) 
(1) 
(2) 
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is. Main Programs 
C MAIN PROGRAM (CROSSED-FIELD, ADIABATIC WALL) 
DIMENSION VAR(l4,50) 
dimension yar(15) 
COMMON N, H, T, PHSIG, NODUM, BYHAL, NODUB, ENDNO , ENDVA, FLAG, X, VAR, DELTA, 
1C0N2, CON3, DELN, PHIN, TAUN, CHAT, CHAP, YAR, 
READ INPUT TAPE 1,1, N, H, T, PHSIG, NODUM, BYHAL, ENDNO, ENDVA, NODUB 
1 FORMAT (I5,3F5.0,I5,3F5.0,I5) 
READ INPUT TAPE 1,2,JOBNO,ITER 
2 FORMAT (213) 
HIN=H 
DO 10 J=l,JOBNO 
READ INPUT TAPE 1,3,DELTA,C0N2,C0N3 
3 FORMAT (3FÎO.9) 
READ INPUT TAPE 1,4,VAR(l,1),VAR(l,2),VAR(l,3),VAR(l,4),VAR(l,5) 
4 FORMAT (5E14.8) 
READ INPUT TAPE 1,4,YAR(1,6),VAR(1,7),VAR(1,8),VAR(1,9),VAR(1,10) 
READ INPUT TAPE 1,4,VAR(l,11),VAR(l,12),VAR(l,13),VAR(l,14),VAR(l,115) 
DO 11 1=1,N 
yar(i)=var(i,i) 
11 CONTINUE 
DO 12 K=l,ITER 
WRITE OUTPUT TAPE 2,5 
5 FORMAT (1h1,2X,1HX,10X,1HM,17x,1HF,15x,4HDERM,l4X,4HDERT) 
X=0.0 
H=HIN 
DELN=VAR(1,7)-VAR(1,2) 
PHIN=VAR(1,14)-VARf1,4) 
TAUN=VAR(l,10)-VAR(1,5) 
CALL NODE 
CALL FUDGE 
DO 13 1=1,N 
VAR(1,I)=YAR(I) 
13 CONTINUE 
var(l,2)=var(l,2)+chat 
var(i,4)=var(i,4)+chap 
var(1,7)=var(1,2)+deln 
varf1,9)=var(1,9)+chap 
varf1,12)=var(1,12)+chat 
var( 1,14) =var( 1, 4) +phh 
do 14 1=1,n 
yar(i)=var(1,i) 
14 CONTINUE 
12 CONTINUE 
10 CONTINUE 
STOP 
END 
C MAIN PROGRAM(CROSSED FIELD, COLD WALL) 
DIMENSION VAR(14,50) 
75 
dimension xàb(15 j 
COMMON N, H, T, PHSIG, NODUM, BYHAL, NODUB, ENDNO, ENDVA,FLAG, X, VAE, DELTA, 
1C0N2,C0N5,DELN,PHIN,TAUN,CHAP,CHAQ,YAR,KIT,ITER 
READ INPUT TAPE 1,1,N,H,T,PHSIG,NODUM,BYHAL,ENDNO,ENDVA,NODUB 
1 FORMAT (I5,3F5.0,I5,5F5.0,I5) 
READ INPUT TAPE 1,2,JOBNO,ITER 
2 FORMAT (215) 
HIN=H 
DO 10 J=l,JOBNO 
READ INPUT TAPE 1,3,DELTA,C0N2,C0N3 
3 FORMAT (3F10.5) 
READ INPUT TAPE l,3,VAR(l,l),VAR(l,2),VAR(l,3),VAR(l,4),VAR(l,5) 
4 F0RMAT(5E14.8) 
READ INPUT TAPE 1,4,VAR(l,6),VAR(l,7),VAR(l,8),VAR(l,9),VAR(l,10) 
READ INPUT TAPE 1, 4, VAR(l, 11), VAR(l,12)',VAR(l, 13), VAR(l, 14) ,VAR(l, 15) 
DO 11 1=1,N 
YAR(I)=VAR(1,I) 
11 CONTINUE 
DO 12 KIT=1,ITER 
WRITE OUTPUT TAPE 2,5 
5 FORMAT (lHl,2X,lHX,10X,IJiM,17X,lHT,17X,lHF,15X,4HDERM,l4X,4HDERT) 
X=0.0 
H=Hin 
DELN=VAR(1,7)-VAR(1,2) 
PHIN=VAR(1,14)-VAR(l,4) 
TAUN=VAR(1,10)-VAR(1,5) 
CALL NODE 
CALL FUDGE 
DO 13 1=1,N 
VAR(1,I)=YAE(I) 
13 CONTINUE 
VARf1,4)=VARf1,4)+CHAP 
VARf1,5)=VAR(1,5)+CHAQ 
VARf1,9)=VAR(l,4) 
VAR(1,IO)=VAR(I,5)+TAUN 
VAE(1,14)=VARf1,4)+PHIN 
VAR(1,15)=VAE(1,5) 
DO 14 1=1,N 
yar(i)=var(i,I) 
14 CONTINUE 
12 CONTINUE 
10 CONTINUE 
STOP 
END 
C MAIN PROGRAM(INCOMFRESSIBLE) 
DIMENSION VAR(l4,50) 
DIMENSION YAR(6) 
COMMON N, H, T, PHSIG,NODUM, BYHAL,NODUB,ENDNO, ENDVA, FLAG,X, VAR, DELTA, 
1C0N3,DELB,CHAB,ITER,KIT 
READ INPUT TAPE 1,1,N,H,T,PHSIG,NODUM,BYHAL,ENDNO,ENDVA,NODUB 
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I FORMAT (I5,3F5.0,I5,3F5.0,I5J 
READ INPUT TAPE 1,3,JOBNO,ITER 
2 FORMAT (215) 
HIN=H 
DO 10 J=l,JOBNO 
READ INPUT TAPE 1,3,COM3 
3 format (f10.5) 
READ INPUT TAPE 1,4,VAR(l,l),VAR(l,2),VAR(1,3) 
4 format (3e14.8) 
READ INPUT TAPE 1,4,VAR(1,4),VAR(1,5),VAR(1,6) 
DO 11 1=1,N 
YAR(l)=VAR(l,I) 
II CONTINUE 
DO 12 KIT=1,ITER 
WRITE OUTPUT TAPE 2,5 
5 FORMAT(1H1, 2X, 1HX, 8X, 1HA, 13X, 1HB, 14X, 1HF, 14X, 1HA, l4X, 1HB, 14X, 1HF) 
X=0.0 
H=HN 
delb=var ( 1, 5 ) -var ( 1, 2 ) 
CALL NODE 
CALL FUDGE 
DO 13 1=1,N 
VAR(1,I)=YAR(I) 
13 CONTINUE 
varf1,2)=varf1,2)+chab 
var(1,5)=var(1,2)+delb 
do 14 1=1,n 
yar(i)=var(i,i) 
14 CONTINUE 
12 CONTINUE 
10 CONTINUE 
STOP 
END 
fort, main (aligned field) 
C MAIN PROGRAM 
dimension varf 14, 50) 
dimension yar(28) 
COMMON N, H,T,PHSIG,NODUM,BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR,DELTA, 
1C0N1, C0N2,C0N3,DELN,PHIN,TAUN,CHAT,CHAP,CHAR,YAR 
READ INPUT TAPE l,li,N,H,T,PHSIG,NODUM,BYHAL,ENDNO,ENDVA,NODUB 
1 FORMAT (I5,3F5.0,I5,3F5.0,I5) 
READ INPUT TAPE 1,30,JOBNO,ITER 
20 FORMAT (2. ,) 
HIN=H 
DO 10 J=l,JOBNO 
READ INPUT TAPE 1,2,DELTA,C0N1,C0N2,C0N3 
2 FORMAT (4F10.5) 
read input tape l,3,vab(l,1),var(l,2),var(l,3),var(l,4),var(l,5),v 
iar(i,6),var(i,5) 
3 FORMAT (7E10.5) 
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nciÀiy li\irUT xAir'nl l,;>,VÀn(l,y ) ,VÂn(l,ô),VAn(l,lô) ,VAti(l,ll) ,VAix(l, 12) 
1),VAR(1,13),VAR(1,14) 
EEAD INPUT TAPE 1,3,VAR(1,15),VAR(1,16),VAR(1,17),VAR(1,18),VAR(1, 
119),VAR(1,20),VAR(1,21) 
READ INPUT TAPE l,3,VAR(l,22), VAR(l,23 ) ,VAR(l,24;) ,VAR(l,25) ,VAR (l, 
126),VAR(l,27),VAR(l,28) 
DO 11 1=1,N 
YAR(I)=VAR(1,I) 
11 CONTINUE 
DO 12 KIT=1,ITER 
WRITE OUTPUT TAPE 2,4 
4 FORMAT ( 1H1,2X, 1HX, 9X, IBM, 15X, 1HT, 15X, 1HF, 13X, 4HDERM, 12X, 4HDERT, 14 
1X,HG,13X,4HDERG) 
X=0.0 
H=HIN 
DELN=VAR(l,9)-VAR(l,2) 
PHIN=VAR(1,18)-VAR f1,4) 
TAUN=VAR(1,28)-VAR(1,7) 
CALL NODE 
CALL FUDGE 
DO 13 1=1,N 
VAR(I,I)=YAR(I) 
13 CONTINUE 
VAR(1,2)=VAR(1,2)+CHAT 
VARf1,4)=VARf1,4)+CHAP 
VAR f 1,7 ) =VAR f 1, 7 )•+CHAR 
VARf1,9)=VAR(1,2)+DELN 
VARfl,ll)=VAEfl,4) 
varf1,14)=var(1,7) 
VARfl,16)=VAR(1,2) 
VARfl,l8)=VARfl,4)+PHIN 
VARf1,21)=VAR(1,7) 
VAR(l,23)=VAR(l,2) 
VAR(I,25)=VAR(1,4) 
varfl,28)=var(1,7)+taun 
do 14 1=1,n 
yar(i)=var(i,i) 
14 CONTINUE 
12 CONTINUE 
10 CONTINUE 
STOP 
• end 
C. Subroutines 
SUBROUTINE COMPD (CROSSED FIELD) 
DIMENSION VARf14,50) 
dimension yar(15) 
common N, h, t, phsig, nodum, byhal, nodub, endno, endva, flag, x,'var, delta, 
1c0n2, C0N3 ,deln,phin,taun,chat,chap,yar 
do 5 1=1,14,5 
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VAR(6,I)=VAR(1, (+3) 
VAR(8,t+l)=VAR(l,I+4) 
VAR(8,1+2)=VAR (1,1)/VAR (1,1+1) 
VAR(8,1+3)=DELTA*VAR(8,1+2)*VAR(l,I)/7.0-(0.4286*DELTA+0.5)*VAR(1, 
11+2) *VAR(1,1+3)+DELTA/(1.5*CON2)+CCW3*VAE(1,1)*VAR(1,I)*(VAR(1,1+1 
2)**5.0-1.0)/(YAR(l+l)**5.0-1.0) 
VAR(i,1+4)-0.2*DELTA*VAR(8,1+2)*VAR(1,1+1)-(0.30*DELTA+0.35)*VAR (1 
1,1+2)*VAR(1,1+4)-0.2*DELTA*VAR (1,1)-0.28*C0N2*VAR(1,1+3)*VAE(1,ï+3 
2)+0.28*C0N2*C0N3*VAR(l,l)*VAE(l,l)*(VAR(l,I+l)**5.0-1.0)/(YAR(l+l) 
3**5.0-1.0) 
5 CONTINUE 
RETURN 
END 
SUBROUTINE COMPD (CROSSED FIELD,COLD WALL) 
DIMENSION VAR(14,50) 
DIMENSION YAR(14) 
COMMON N,H,T, PHSIG, NODUM, BYHAL, NODUB, ENDNO,ENDVA, FLAG, X, VAR, DELTA, 
1C0N2,C0N3,DELN,PHIN,TAUN,CHAP,CHAQ,YAR,KIT,ITER 
DO 5 1=1,14,5 
VAR(8,I)=VAR(l,I+3) 
VAR(8,1+1)=VAR(1,1+4) 
VAR(8,1+2)=VAR(1,1)/VAR(1,1+1) 
VAR (8,1+3)=(-0.5)*VAR(1,1+2)*VAR(1,1+3)+C0N3*VAR(1,1)*(VAE(1,1+1)* 
1*5.0-1.0)/(3322.2) 
VAR(8,1+4)=0.7*(-0.5*VAR(1,I+2)*VAR(l,1+4)-0.4*C0N2*VAR(l,1+3)*VAR 
1(1,1+3)-0.4*C0N2*C0N3*VAR (1,1)*VAR(1,1)*(VAR(1,1+1)**5.0-1.0)/(332 
22.2))  
5 CONTINUE 
RETURN 
END 
SUBROUTINE COMPD (INCOMPRESSIBLE) 
DIMENSION VAR(l4,50) 
COMMON N,H,T,PHSIG,NODUM,BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAB,DELTA, 
1C0N3,DELB,CHAB 
DO 5 1=1,5,3 
VAR(8,I)=VAR(1,1+1) 
VAR(8,I+1)=C0N3*VAR(1,I)*(1.0-VAR(1,I)*VAR(1,I))-0.5*VAR(1,I+2)*VA 
IR(I,I+I) 
VAR (8,1+2)=VAR(1,1) 
5 CONTINUE 
RETURN 
END 
FORT,COMPD (ALIGNED FIELD) 
SUBROUTINE COMPD 
DIMENSION VAR(l4,50) 
DIMENSION YAR(28) 
COMMON N,H,T, PHSIG,NODUM, BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR, DELTA, 
1C0N1,C0N2,C0N3,DELN,PHIN,TAUN,CHAT,CHAP,CHAR,YAR 
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DO 5 1=1,27,7 
VAR(8,I)=VAR(1,I+3) 
VAR(8,I+l)=VAR(l,I+4) 
VAR(8,1+2)=(1.0-0.7*CCN1*C0N2*C0N3*VAR(1,1+6)*VAR(1,1+6))*VAR(1,I) 
l/VAE(1,1+1) 
VAR(8,1+3)=DELTA*VAR(8,1+2)*VAR(1,1)/2.0-(DELTA+2.0)/4.0)*VAR ( 1,1 
1+2)*VAR(1,1+3)+5. 0*DELTA/(7.0*C0N2)-C0N1*C0N3*(DELTA*VAR(l, 1+6 ) *VA 
2R(1,I+6)/2.0-((DELTA+2.0)/4.0)*VAR(1,I+5)*VAR(8,I+6)) 
VAR(8,1+4)=(-0.35)*VAR(1,1+2)*VAR(l,I+4)-0.28*C0N1*C0N2*C0N3*(0. 5* 
1VAR (1,1+2) *VAR (1,1) *VAR ( 1,1+6) *VAR ( 8,1+6 ) /VAR( 8,1+2 ) +C0N1*VAR(8,1+ 
26)*VAR(8,I+6)*(ÏAR(I+1)**5.0)/(VAR(1,I+1)**5.0))-0.28*C0N2*VAR(1,I 
3+3)*VAR(1,1+3) 
VAR(8,1+5)=VAR (1,1+6) 
var(8,i+6)=(o.5/coni)*var(i,i)*(var(i,i+5)-var(i,i+2)*var(i,i+6)/v 
1AE(8,I+2))*(VAR(1,I+1)**5.0)/(ÏAR(I+1)**5.0) 
5 COMTKTUE 
RETURN 
END 
SUBROUTINE COMFY 
DIMENSION VAR(L4,50) 
COMMON N, H,T, PHSIG, NODUM, BYHAL, NODUB, ENDNO, ENDVA, FLAG, X, VAR, DELTA, 
1C0N2,C0N3,DELN,PHIN,TAUN,CHAT,CHAP,YAR 
CALL COMPD 
RETURN 
END 
SUBROUTINE COMPT (CROSSED FIELD,ADIABATIC WALL, COLD WALL) 
DIMENSION VAR (l4,50) 
COMMON N, H, T, PHSIG,NODUM, BYHAL, NODUB, ENDNO, ENDVA, FLAG, X,VAR, DELTA, 
1C0N2,C0N3,DELN,PHIN,TAUN,CHAT,CHAP,YAR,K,ITER 
If (K-ITER) 10,11,11 
11 WRITE OUTPUT TAPE 2,l,X,VAR(l,l),VAR(l,2) ,VAR(l,3 ) ,VAR(l,4) ,VAR(l, 5) 
1 FORMAT (lHO,F5.2,5El8.-8) 
WRITE OUTPUT TAPE 2,2,VAR(8,l) ,VAR(8,2) ,VAR(8,3),VAR(8,4) ,VAR(8, 5) 
2 FORMAT (1H,IE23.8,4E18.8) 
WRITE OUTPUT TAPE 2,3,X,VAR(l,6),VAR(l,7),VAR(l,9),VAR(l,9),VAR(l,10) 
3 FORMAT (1H,F5.2,5E18.8) 
WRITE OUTPUT TAPE 2,2, VAR(8, 6) ,VAR(8, 7) ,VAR(8, 8),'VAR(8,9) ,VAR(8,10) 
1) 
WRITE OUTPUT TAPE 2,3,X,VAH(1,11),VAR(1,12),VAR(1,13),VAR(1,14),VA 
1R(1,15) 
WRITE OUTPUT TAPE 2,2,'VAR(8,11) ,VAR(8,12) ,VAR(8,13 ) ,VAR(8, l4), VAR( 
18,15) 
10 IF (VAR(l,2)-0.1) 5,5,7 
7 IF (VAR(l,7)-0.1) 5,5,8 
8 IF (VBR(1,12)-0.1) 5,5,9 
9 IF (X-ENDVA) 4,5,5 
5 FLAG=-1.0 
4 RETURN 
END 
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SlmROUxxiNii COMrx ( IMCOîvirK&ob.i. hi i& ) 
DIMENSION VAR( 14,50) 
COMMON N,H,T, PHSIG, NODUM, BYHAL, NODUB, ENDNO, ENDVA, FLAG, X, VAR, DELTA, 
1CON3,DELB,CHAB,ITER,KIT 
11 WRITE OUTPUT TAPE 2,l.X,VAR(l,l),VAR(l,2),VAR(l,3),VAR(l,4),VAR(l, 
15),VAR(l,6) 
1 FORMAT (1HO,F5.2,6E15.T) 
write output tapé 2,2,var(8,1),var(8,2),var(8,3),var(8,4),var(8,5) 
I,VAR(8,6) 
2 FORMAT (1H,IE20.7,5E15.T) 
10 IF (X-ENDVA) 4,5,5 
5 FLAG=-1.0 
4 RETURN 
END 
FORT, COMPT (ALIGNED FIELD) 
SUBROUTINE COMPT : 
DIMENSION VAR(14,50) 
COMMON N,H,T, PHSIG,NODUM, BYHAL, NODUB, ENDNO,ENDVA, FLAG, X,VAR, DELTA, 
1C0N1;C0N2,C0N3,DELN,PHIN,TAUN,CHAT,CHAP,CHAR,YAR 
WRITE OUTPUT TAPE 2,l,X,VAR(l, 1),VAR(l,2),VAR(l,3),VAR(l,4),VAR(l, 
15),VAR(l , 6),VAR(l , 7 )  
1 FORMAT (1H0,F5.2,7E16.7) 
WRITE OUTPUT TAPE 2,3,X,VAR(1,8),VAR(1,9),VAR(1,10),VAR(1,11),VAR( 
II,12),VAR(l,13),VAR(l,l4) 
3 FORMAT (1H,F5.2,7E16.7) 
WRITE OUTPUT TAPE 2,3,X,VAR(l,15),VAR(l,l6),VAR(l,17),VAR(l,l8) ,VA 
lR(l,19),VAR(l,20),VAR(l,2l) 
WRITE OUTPUT TAPE 2,3,X,VAR(1,22),VAR(1,23),VAR(I,24),VAR(1,25),VA 
1R(1,26),VAR(1,27),VAR(1,28) 
IF (H-0.01) 5,5,6 
6 IF (VARfl,2)-0.1) 5,5,7 
7 IF (VAR(1,9)-0.1) 5,5,8 
8 IF (VAR(l,l6)-O.l) 5 ,5 ,9  
9 IF (VAR(l,23)"0.l) 5,5,10 
10 IF (X-ENDVA)4,5,5 
5 FLAG=-1.0 
4 RETURN 
END 
FORT, COMPE 
SUBROUTINE COMPE 
DIMENSION VAR(l4,50) 
COMMON N,H, T, PHSIG,NODUM, BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR,DELTA, 
1C0N1,C0N2,C0N3,DELN, PHIN,TAUN,CHAT,CHAP,CHAR,YAR 
IF (FLAG-.5) 1,1,2 
1 WRITE OUTPUT TAPE 2,4 
4 FORMAT (8H0 HALVED) 
RETURN 
2 WRITE OUTPUT TAPE 2,3 
3 FORMAT (9H0 DOUBLED) 
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HCiM'UrUN 
END 
SUBROUTINE FUDGE (CROSSED-FIELD,ADIABATIC WALL) 
DIMENSION VAR(14,50) 
COMMON N,H,T, PHSIG,NODUM, BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR,DELTA, 
ICONS, C0N3 , DELN, PHN, TAUN, CHAT, CHAP, YAR 
IF (DELN) 1,2,1 
2 RETURN 
1 IF (PHIN) 3,2,3 
3 alpm=(var(i,6)-var(i,i))/deln 
BETM=fVARfl,ll) -VAR (1,1))/PHIN 
ALPT= fVARfl,7) -VAR( 1,2) ) /DELN 
BETT=( VAR ( 1,12 )-VAR(1,2))/PHIN 
El=1.0-VAR(l,2) 
E2=1.0-VAR(l,l) 
DEL=ALPT*EETM-ALPM*BETT 
IF (DEL) 4,2,4 
4 CHAT=(E1*BETM-E2*BETT)/DEL 
CHAP=(ALPT*E2-ALPM*El) /DEL 
WRITE OUTPUT TAPE 2,5 
WRITE OUTPUT TAPE 2,6,CHAT 
WRITE OUTPUT TAPE 2,7 
WRITE OUTPUT TAPE 2,6,CHAP 
5 FORMAT (1H0,22HINCREMENT IN INITIAL T) 
6 FORMAT (H,1E18.8) 
7 FORMAT ( 1H0,22HINCREMENT IN INITIAL P) 
RETURN 
END 
SUBROUTINE FUDGE (CROSSED-FIELD,COLD WALL) 
DIMENSION VAR(14,50) 
COMMON N,H,T,PHSIG,NODUM,BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR,DELTA, 
1C0N2,C0N3,DELN,PHIN,TAUN,CHAP,CHAQ,YAR,KIT,ITER 
IF (PHIN) 1,2,1 
2 RETURN 
1 IF (TAUN) 3,2,3 
3 EETM=(VAR (1,11) -VAR(l,l)) /PHIN 
GAMM=(VAR(1, 6) -VAR(l, 1) ) /TAUN 
BETT=(VAR(1,12)-VAR(1,2))/PHIN 
GAMT=(VAR(1,7)-VAR(1,2))/TAUN 
El=1.0-VAR(l,2) 
E2=1.0-VAR(l,l) 
DEL=BETT*GAMM- BETM*GAMT 
IF (DEL) 4,2,4 
4 CHAP=fEl*GAMM-E2*GAMT)/DEL 
CHAQ= ( E2*-BETT -E1*BETM) /DEL 
WRITE OUTPUT TAPE 2,5 
WRITE OUTPUT TAPE 2,6,CHAP 
WRITE OUTPUT TAPE 2,7 
WRITE OUTPUT TAPE 2,6,CHAQ 
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5 FORMAT ( 1H0,22HINCREMENT IN INITIAL PJ 
6 FORMAT (1H, 1E18.8) 
7 FORMAT (1HO,22HINCREMENT IN INITIAL Q) 
RETURN 
END 
SUBROUTINE FUDGE (INCOMPRESSIBLE) 
DIMENSION VAR(l4, 50) 
COMMON N,H, T, PHSIG, NODUM, BYHAL, NODUB,ENDNO, ENDVA, FLAG, X,VAR, DELTA, 
1C0N3,DELB,CHAB 
DENR=VAR(l,4)-VAR(l,l) 
IF(DENR) 1,3,1 
2 RETURN 
1 CHAB=DELB*(I.O-VAR(I,I))/DENR 
WRITE OUTPUT TAPE 2,3 
WRITE OUTPUT TAPE 2,4,CHAB 
3 FORMAT f1H0,22HINCREMENT IN INITIAL B) 
4 FORMAT (1H,1E18.7) 
RETURN 
END 
SUBROUTINE FUDGE (ALIGNED FIELD) 
DIMENSION VAR(14,50) 
COMMON N,H, T, PHSIG,NODUM, BYHAL,NODUB,ENDNO,ENDVA,FLAG, X,VAR, DELTA, 
1C0N1, C0N2, C0N3 , DELN, PHIN, TAUN, CHAT, CHAP, CHAR, YAR 
IF (DELN) 1,2,1 
2 RETURN 
1 IF (PHIN) 3,2,3 
3 IF (TAUN) 4,2,4 
4 ALPM= f VAR ( 1, 8 ) -VAR ( 1,1 ) ) /DELN 
BETM=(VAR(l,15)-VAR(l,l) )/PHIN 
GAMM= (VAR (1,22)-VAR ( 1,1 ) ) /TAUN 
ALPT=(VAR(1,9)-VAR( 1, 2 ) )/DELN 
bett=(var(i,i6)-var(i,2))/phin 
GAMT=(VAR(1,23)-VAR(1,2))/TAUN 
ALPR=(VAR(l,14)-VAR(l, 7))/DELN 
BETR=(VAR(1,21)-VAR(1,7))/PHIN 
GAMR=(VAR(1,28)-VAR( 1, 7 ) )/TAUN 
El=1.0-VAR(l,2) 
E2=1.0-VAR(1,1) 
E3=0.0-VAR(l,7) 
DEL=ALPT*BETM*GAMR+BETT*GAMM*ALPR+GAMT*ALPM*BETR~ALPR*BETM*GAMT-BE 
1TR*GAMN^ ALPT-GAMR*ALFM*BETT 
IF (DEL) 5,2,5 
5 CHAT=(E1*BETM*GAMR+BETT*GAMM*E3+GAMT*E2*EETR-E3*BETM*GAMD-BETR*GAM 
1M*E1-GARM*E2*BETI ) /DEL 
CHAP= ( ALPT*E2*GAMR+El*GAM]#ALPR+GAMT*ALPmE3 -ALPR*E2*GAMT-E3*GAMM* 
1ALPT-GAMR*ALPM*E1) /DEL 
CHAR=(ALPT*BETM*E3+BETT*E2*ALPR+E1*ALPM*BETR-ALPR*BETM*E1-BETR*E2* 
1ALPT-E3*ALPM*BETT)/DEL 
WRITE OUTPUT TAPE 2,6 
6 FORMAT ( IRO, 22HINCREMENT IN INITIAL T) 
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WRITE! OUTPUT TAPÉ %,7,CEAT 
7 FORMAT (lH,lEl8.8) 
WRITE OUTPUT TAPE 2,8 
8 FORMAT (lHO, 22HINCREMENT IN INITIAL P) 
WRITE OUTPUT TAPE 2,7,CHAP 
WRITE OUTPUT' TAPE 2,9 
9 FORMAT ( 1HO,22HINCREMENT IN INITIAL R) 
WHITE OUTPUT TAPE 2,7,CHAP 
RETURN 
END 
SUBROUTINE PREDI 
DIMENSION VAR (14, 50) 
COMMON N,H,T, PHSIG,NODUM, BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR 
DO 450 1=1,N 
450 VAR(l,I)=(l.5476511*VAR(2,I))-(l.8675052*VAR(35I))+(2.0172069* 
1VAR(4,1))-(.6973 528*VAR(5,1))+H*((2.0022473*VAR(9,1 ) ) - (2.0316877* 
2VAR(10,I))+(1.8l86l08*VAR(ll,I))-(.71432005*VAR(12,I))) 
RETURN 
END 
SUBROUTINE CORRT(PERR) 
DIMENSION VAR(14,50) 
COMMON N,H,T,PHSIG,NODUM,BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR 
DO 462 1=1,N 
460 TEMP=VAR(2,1)+H*((.375*VAR(8,1)) + (.79l66667*VAR(9,1)) 
1-(.20833333*VAR(10,I))+(.04I666667*VAR(11,1))) 
IF (PHSIG )463,464,463 
463 TEMPA=ABSF((TEMP-VAR(l,I))/TEMP) 
GO TO 465 
464 TEMPA=ABSF(TEMP-VAR(1,I)) 
465 VARf 1,1) =TEMP 
IF (PERR-TEMPA)46l,462,462 
461 PERR=TEMPA 
462 CONTINUE 
RETURN 
END 
SUBROUTINE IMITA 
DIMENSION VAR(l4,50),A(4),B(4),C(4) 
COMMON N,H,T,PHSIG,NODUM,BYHAL,NODUB,ENDNO,ENDVA,FLAG,X,VAR 
IF (A(l))400,400,401 
400 A(l)=.5 
A(2)=.29289322 
A(3)=1.7071068 
Af4)=.16666667 
Bfl)=l. 
B(2)=.29289322 
B(3)=1.7071068 
B(4)=.33333333 
C(l)=.5 
84 
C(2)=.2y2Ô93'c& 
c(3)=1.7071068 
C(4)= .5  
401 do 402 1=1,n 
402 var(6,i)=0. 
j=4 
go to 410 
403 do 407 k=l,4 
do 404 1=1,n 
ck=h*var(8,l) 
r=(a(k)*ck)-(b(k)*var(6,i)) 
VARfl,I)=VAR(1,I)+R 
404 var(6,i)=var(6,i)+(3.*r)-(c(k)*ck) 
if (k-l)405,405,413 
413 if (k-3) 406,405,406 
0 new value of x 
405 x=x+(h/2.) 
call compd 
go to 407 
406 call comfy 
407 continue 
IF (nodum)410,412,411 
412 n0dum=-1 
410 do 408 1=1,n 
VAR(j+l,l)=VAR(l,I) 
408 var(j+8,i)=var(8,i) 
j=j-1 
if (j) 409,409,403 
409 return 
4.11 call compt 
go to 410 
end 
subroutine node 
dimension var(14,50) 
common n,h,t,phsig,nodum, byhal,nodub,endno,endva,flag,x,var,kit,iter 
c initialize 
flag=0. 
500 if (byhal)502,501,502 
501 byhal = .5 
502 if (endno ) 503 , 504, 503 
c endpoint computes h 
503 h=(endva-x)/endno 
c prepare FOR rkg 
504 call compd 
505 call compt 
if (flag)560,506,506 
506 call inita 
nswhf=1 
if (endno)507,508,507 
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507 ENDN0=ENDN0-3. 
508 M=3 
509 FLAG=0. 
510 X=X+H 
511 CALL PREDI 
512 CALL COMPD 
513 PERB=0 
514 CALL COEET(PEKR) 
515 CALL COMPY 
516 IF (FERR-16.219659*EXPXF(-T))517,517,535 
C NO HALVING NECESSARY 
517 NSWHFO 
IF (NODUM) 550, 518, 518 
518 IF (ENDNO)519,520,519 
519 NEDN0=ENDN0-1. 
520 CALL COMPT 
IF (FLAG)560,521,521 
C IS DOUBLING POSSIBLE 
521 IF (PERR-((l6.219659*EXPXF(-T))/200.))525,525,522 
522 M=3 
528 J=13 
523 DO 524 1=1,N 
J=J-1 
524 VARfj+l,I)=VAR(j,I) 
IF (J)509,509,523 
C DOUBLING 
525 M=M-1 
526 IF (M) 530,527,528 
527 IF (NODUB)522,529,522 
529 IF (ENDNO) 530,531, 530 
530 M0D=ENDN0/2.0 
AI=MDD 
Y=ENDN0-AE*2.0 
IF(Y)528,5$1,538 
531 FLAG=2. 
CALL COMPE 
IF(FLAG)560,532,532 
532 DO 533 1=1, N 
VAR(2,i)=VAR(l,i) 
VAR(4,I)=VAR(5,I) 
VAR(5,I)=VAR(7,I) 
VAE(9,I)=VAR(8,I) 
VAE(ll,I)=VARfl2,l) 
533 VAH(12,I)=VAR(14,I) 
H=2.*H 
IF (ENDNO) 534, 508, 534 
534 ENDNO=ENDNO/2. 
GO TO 508 
C * HALVING 
535 FLAG=ABSF(BYHAL) 
CALL COMPE 
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xï'(flag) >6ù, >61,561 
561 IF (NODUM) 537, 537,536 
536 CALL COMPT 
IF (FIAG) 560,537,5^7 
537 IF (BYHAL-1.)548,517,517 
548 IF (ENDNO)543 ^ 542,543 
543 ENDN0=2.*ENDN0 
542 IF (NSWHF)538,540,538 
C REPEATED HALVING 
558 DO 539 1=1,N 
VAR(1,I)=VAR(5,I) 
539 VAR(8,I)=VAR(12,I) 
X=X-(4.*H) 
IF (ENDNO)549, 549, 544 
544 ENDNO=ENDNO+6. 
549 H=H*ABSF(BYHAL) 
GO TO 506 
540 DO 541 1=1,N 
VARf1,I)=VAR(2,1) 
541 VAR(8,I)=VAR(9,I) 
X=X-H 
GO TO 549 
C DUMMY OUTPUTTING 
550 X=X-(3.*H) 
IF (ENDNO)551,552,551 
551 ENDN0=ENDN0+2. 
552 K=3 
DO 553 1=1,N 
VAR(6,I)=VAR(1,I) 
553 VAR(13,I)=VAR(8,I) 
557 DO 554 1=1,N 
VAR(1,I)=VAR(K+1,I) 
554 VAR(8,I)=VAR(K+8,I) 
CALL COMPT 
IF (FLAG)560,562,562 
560 RETURN 
562 X=X+H 
K=K-1 
IF(K) 558,558,555 
555 IF (ENDNO)556,557,556 
556 ENDN0=ENDN0-1. 
GO TO 557 
558 do 559 1=1,n 
VAR (l,l)=VAR(6,I) 
559 VAR(8,I)=VAR(13,I) 
N0DUM=0 
GO TO 518 
END 
